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ABSTRACT 

In this paper, cotangent similarity measure of neutrosophic refined set is proposed and some of its properties are studied. 
Finally, using this refined cotangent similarity measure of single valued neutrosophic set, an application on educational 
stream selection is presented. 
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1. INTRODUCTION 

Smarandache [1] introduced the new philosophy called “neutrosophy”. The concept of neutrosophy reflects the study of 
neutral thoughts. Neutrosophic set [1] is originated from the neutrosophy. The concept of neutrosophic sets is the 
generalization of crisp set, fuzzy set [2], interval valued fuzzy sets [3, 4, 5], intuitionistic fuzzy set [6], interval valued 
intuitionistic fuzzy sets [7], vague sets [8], grey sets [9, 10] etc. Wang et al. [11] introduced the concept of single valued 
neutrosophic set (SVNS) in order to deal with realistic problems. It has been studied and applied in different fields such 
as medical diagnosis problem [12], decision making problems [13, 14, 15, 16, 17], social problems [18, 19], educational 
problem [20, 21], conflict resolution [22] and so on. 

Several similarity measures have been proposed in the literature by researchers to deal with different type problems. In 
2013 Broumi and Smarandache [23] studied the Hausdorff distance between neutrosophic sets and some similarity 
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measures based on the distance, set theoretic approach, and matching function to calculate the similarity degree between 
neutrosophic sets. In 2013, Broumi and Smarandache [24] also proposed the correlation coefficient between 
interval neutrosphic sets. Majumdar and Samanta [25] studied several similarity measures of single valued 
neutrosophic sets based on distances, a matching function, membership grades, and then proposed an entropy 
measure for a SVNS. Ye [26] proposed three vector similarity measure for SNSs, an instance of SVNSs and 
interval neutrosophic sets including the Jaccard, Dice, and cosine similarity and applied them to multicriteria decision- 
making problems with simplified neutrosophic information. Ye [27] and Ye and Zhang [28] further proposed the 
similarity measures of SVNSs for decision making problems. Ye [29] proposed improved cosine similarity measures of 
SNSs based on cosine function, including single valued neutrosophic cosine similarity measures and interval 
neutrosophic cosine similarity measures. Biswas et al. [30] studied cosine similarity measure based multi-attribute 
decision-making with trapezoidal fuzzy neutrosophic numbers. Recently, Pramanik and Mondal [31] proposed rough 
cosine similarity measure in rough neutrosophic environment. 

Yager [32] introduced the notion of multisets which is the generalization of the concept of set theory. Sebastian and 
Ramakrishnan [33] studied a new concept called multifuzzy sets, which is the generalization of multiset. Since then, 
Sebastian and Ramakrishnan [34] established more properties on multi fuzzy set. Shinoj and John [35] extended the 
concept of fuzzy multisets by introducing intuitionistic fuzzy multisets(IFMS). An element of a multi fuzzy sets can 
occur more than once with possibly the same or different membership values, whereas an element of intuitionistic fuzzy 
multisets is capable of having repeated occurrences of membership and non— membership values. However, the concepts 
of FMS and IFMS are not capable of dealing with indeterminatcy. In 2013, Smarandache [36] extended the classical 
neutrosophic logic to n-valued refined neutrosophic logic, by refining each neutrosophic component T, I, F into 
respectively.Ti ,T 2 , ... T m , and , Ii ,I 2 , ... I p and Fi ,F 2 , ... F r . Recently, Deli abd Broumi [37] introduced the concept of 
neutrosophic refined sets and studied some of their basic properties. The concept of neutrosophic refined set (NRS) [38] 
is a generalization of fuzzy multisets and intuitionistic fuzzy multisets. In 2014, Broumi and Smarandache [38] extended 
the improved cosine similarity of single valued neutrosophic set proposed by Ye [26] to the case of neutrosophic refined 
sets and proved some of their basic properties. Broumi and Smarandache [38] also presented an application of cosine 
similarity measure of neutrosophic refined sets in medical diagnosis problems. Ye and Ye [39] introduced the concept of 
single valued neutrosophic multiset (SVNM) and proved some basic operational relations of SVNMs. They proposed the 
Dice similarity measure and the weighted Dice similarity measure for SVNMs and investigated their properties and they 
applied the Dice similarity measure of SVNMs to medicine diagnosis under the SVNM environment. 

Pramanik and Mondal [40] studied weighted fuzzy similarity measure based on tangent function and provided its 
application to medical diagnosis. Mondal and Pramanik [41] extended the concept to neutrosophic tangent similarity 
measure. 

In this paper, motivated by the tangent similarity measure proposed by Pramanik and Mondal [40] and Mondal and 
Pramanik [41], we propose a new cotangent similarity measure called “refined cotangent similarity measure for single 
valued neutrosophic sets”. The proposed refined cotangent similarity measure is applied to suitable educational stream 
selection problem. 

Rest of the paper is structured as follows. Section 2 presents neutrosophic preliminaries. Section 3 is devoted to introduce 
refined cotangent similarity measure for single valued neutrosophic sets and some of its properties. Section 4 describes 
decision making based on refined cotangent similarity measure. Section 5 presents the application of refined cotangent 
similarity measure to the problem namely, neutrosophic decision making on educational stream selection. Finally, section 
6 presents the concluding remarks and future scope of research. 
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2. MATHEMATICAL PRELIMINARIES 

2.1 Neutrosophic sets 

Definition 2.1[1] 

Let A be an universe of discourse then the neutrosophic set 5 is expressed in the form 5 = {< x: T s (x ), I s (x ), F s (x)>, x e 
X }, where the functions T s (x), 7 s (x), F s (x): X—> ] _ 0,l + [ are defined respectively the degree of membership, the degree 
of indeterminacy, and the degree of non-membership of the element x £ A to the set 5 satisfying the following the 
condition. 

0 < sup T s (x) + sup I s ( x ) + sup F s (x) < 3 + 

(1) 

The neutrosophic set assumes the values from real standard or non-standard subsets of ]~0, l + [. So instead of ]~0, l + [ it 
assumes the values from the interval [0, 1] for practical situations, because ]~0, l + [ will be difficult to use in the real 
applications such as in scientific and engineering problems. For two neutrosophic sets, 57= {< x: T S1 (x ), I S1 ( x), F s ,(x )> 
I x e X } and 52 = {< x, T S2 (x ), I S2 (x ), F S 2 (x)> lx e X } the two relations are defined as follows: 

(1) 57 c 52 if and only if T s ,(x ) < T S2 (x ), I sl (x ) > I S2 (x ), F sl {x ) > F S 2 (x) 

(2) 57 = 52 if and only if T s ,(x) = T S 2 (x), I sl (x) = I S 2 (x), F sl (x ) = F S 2 (x) 

2.2 Single valued neutrosophic sets 

Definition 2.2 [8] 

Let X be a space of points with generic elements in X denoted by x. A single valued neutrosophic set 5 in A is 
characterized by a truth-membership function T s (x ), an indeterminacy-membership function 7 s (x), and a falsity 
membership function F s (x), for each point x in X, 

T s (x), 7s(x), F s (x) g [0, 1]. When X is continuous, a single valued neutrosophic set 5 can be presented as follows: 

5= j < Ts (*X Is (x), Fs (x) > , x c x 

x X 

When X is discrete, a single valued neutrosophic set S can be presented as follows: 

o <r s (* i ),7s(* i )>Fs(*,)>.„ _ v 

J — Zji = 1 . X, £ A 

X, 

For two SVNSs, S1 S vns= {<x: T S i(x ), Isi(x), F SI (x )> I x e X } and S2 svns = {<r, T S 2 (x), Is2(x), F S 2 (x)> I xe X } the two 
relations are written as follows: 

(1) S1 SV ns^S2 svns if and only if T s ,(x) < T S 2 (x), I s ,(x) > I S 2 (x), F s ,(x ) > F S2 ( x) 

(2) SIsvns = S2 svns if and only if T SI (x) = T S 2 (x), I sl (x) = i s 2 (x), F sl (x) = F S 2 (x) for any x £ X 

2.3 Neutrosophic refined sets 

Definition 2.3 [38] Let M be a neutrosophic refined set (NRS). Then, 

M ={< x, ( T l M {xi) , Th(xi) ,•••, T’ M (xi)), ( 7« (xi) , 7 m (x) 7 m (x,) ),( Fm(x,), Fm(x,),---, Fm(x;)))> : x £ A [where, 7^(xi) , Tm(x) ..... 

(x( ) • A £ [0 ,1], 7m(x,) , 7m (x,) 7«(x,): A £ [0 ,1], and Fm(x,) , Fm(x,) ,•••, Fm(x,): Ag [0 ,1], such that 

0<supr^(x,)+sup7^(x;)+sup7^(x;)<3,for i= 1, 2, ..., t for any x £ A. Now, (T l M {xi) ,T 2 M {xi Tu(x,)), ( 7« (*.•),/« (*.•) 

,..., 7m (x,) ), ( Fm(x,'), F„(x, F' m {x)) is the truth-membership sequence, indeterminacy-membership sequence and falsity- 
membership sequence of the element x, respectively. Also, t is the dimension of neutrosophic refined sets M. 
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3. COTANGENT SIMILARITY MEASURE FOR SINGLE VALUED REFINED 
NEUTROSOPHIC SETS 

Let N = < x(Tn(xi), In{x), Fn(xJ)> and P = < x(Tp{x),I I p{xi),F i p{x))> be two single valued refined neutrosophic 
numbers. Now refined cotangent similarity function which measures the similarity between two vectors based only on 
the direction, ignoring the impact of the distance between them can be presented as: 

COT nrs (N, P)= 





+ 1 7 pOi ) -I e<X- )| + \ F k ( x i ) -F 




( 1 ) 



Proposition 3.1. The defined refined cotangent similarity measure COT nrs (N, P) between NRSs N and P satisfies the 
following properties: 

1. 0^ COT NRS (N, P)^ 1 

2. COT nrs (N, P) = 1 if and only if IV = P 

3. COT nrs (N, P) = COT nrs (P, N) 

4. If R is a NRS in X and NczPcR then 

COT nrs (N, R) * COT nrs (N, P) and COT nrs {N, R) * COT NRS (P, R) 

Proofs: 

( 1 ) 



As the membership, indeterminacy and non-membership functions of the NRSs and the value of the cotangent function 
are within [0 ,1], the refined similarity measure based on cotangent function also lies within [ 0,1], 

Hence 0 < COT nrs (N, P ) < 1 

( 2 ) 



For any two NRS N and P if N = P, then the following relations hold T j,(x) =T ' p {x) , I P (x) =/ ,,(x) , F J p (x) =F J p (x) . Hence 



I r '(*) —T J p (x)\ = 0 , \I’(x) -l ’(x)\ = 0 , | Ft(x) -F J P (x)\ = 0 , Thus COT nrs (N, P) = 1 
Conversely, 

If COT nrs (N, P ) = 1, then \t ^( x) -T P (x)\ = 0 , |/^(x)-7p(x)| =0, |p,j(x)-Pp(x)| = 0, since tan(0) = 0. So we can write 
T p(x) = T ] p (x), /'(*)=/'(x), Fp(x) =Fp(x). 



Hence N = P. 

(3) 

This proof is obvious. 

(4) 

If iVcPcS , then T'(x) < T J p (x)<T ] R (x) , 
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I t(x) < I p(x)<I ‘ R (x) , PvM < F IXx) < F J R (x) for x e X. 



Now we can write the following inequalities: 

| r '(*) -T J p (x)\ < | T'{x) -Ti(x ) | , | TiHx) -Ti(x)\ < \T^x) -Tfrx) \ 

I I£(x) -I J P (x) | < | 7 '(*) -I J R (x) | J |/i(x) -7'(*)| < |/ j(x) -7i(x)| ; 



, |ppW-PiW|^|Pw(4-PiW|. 

Thus COT nrs (N, R) - COT nrs (N, P) and COT nrs (N, R) - COT NRS (P, R), since cotangent function is decreasing in the 
interval 



n n 
4 ’ 2 



4 . DECISION MAKING UNDER SINGLE VALUED NEUTROSOPHIC SETS BASED ON 
COTANGENT SIMILARITY MEASURE 

Let Ai, A 2 , A m be the discrete set of candidates, C\, C 2 , ..., C n be the set of criteria of each candidate, and Bi, B 2 , ..., B k 

are the alternatives of each candidates. The decision-maker provides the ranking of alternatives with respect to each 
candidate. The ranking presents the performances of candidates A, (i = 1, 2,..., m) with respect to the criteria C ; ( j = 1, 2, 
.... n). The values associated with the alternatives for multi-attribute decision making problem can be presented in the 
following decision matrix (see the Table 1 and the Table 2). 



Table 1: The relation between candidates and attributes 





c, 




c 2 


C n 




A, 
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Table 2: The relation between attributes and alternatives 







B 2 . 


.. B k 


c, 


#n 


S 12 . 


s lk 


C 2 


S 2l 


5 22 . 


■■ B 2k 


c n 


B nl 


■ 


s nk 



Here <P and <5- are all single valued neutrosophic numbers. 

The steps corresponding to refined neutrosophic numbers based on tangent function are presented as follows. 

Step 1: Determination the relation between candidates and attributes 

The relation between candidate A ; (i = 1, 2, ..., m) and their attribute Cj (j = 1, 2, ..., n) in NRS can be presented as 
follows (see the Table 3): 
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